It is shown that for the screened Coulomb potential and isotropic harmonic oscillator, there exists an infinite number of closed orbits for suitable angular momentum values. At the aphelion ͑perihelion͒ points of classical orbits, an extended Runge-Lenz vector for the screened Coulomb potential and an extended quadrupole tensor for the screened isotropic harmonic oscillator are still conserved. For the screened two-dimensional ͑2D͒ Coulomb potential and isotropic harmonic oscillator, the dynamical symmetries SO 3 and SU͑2͒ are still preserved at the aphelion ͑perihelion͒ points of classical orbits, respectively. For the screened 3D Coulomb potential, the dynamical symmetry SO 4 is also preserved at the aphelion ͑perihelion͒ points of classical orbits. But for the screened 3D isotropic harmonic oscillator, the dynamical symmetry SU͑2͒ is only preserved at the aphelion ͑perihelion͒ points of classical orbits in the eigencoordinate system. For the screened Coulomb potential and isotropic harmonic oscillator, only the energy ͑but not angular momentum͒ raising and lowering operators can be constructed from a factorization of the radial Schrödinger equation.
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Bertrand's famous theorem in classical mechanics states that the only central forces that result in closed orbits for all bound particles are the inverse square law and Hooke's law ͓1,2͔. In classical mechanics, the maximum number of functional independent conserved quantities of a closed system with N degrees of freedom is 2NϪ1 ͓3͔. For a system with independent conserved quantities, no fewer than N can be called integrable ͓4͔. An integrable classical system with N ϩ⌳ independent conserved quantities (0р⌳рNϪ1) is called ⌳-fold degenerate, and there exist ⌳ linear relations with integer coefficients between the N frequencies i (i ϭ1,2, . . . ,N) of the system ͓5͔. A classical system for ⌳ ϭNϪ1 is called a completely degenerate system, and there remains only one independent frequency, which implies the existence of closed orbits. The orbit of a particle in the attractive Coulomb potential "V(r)ϭϪk/r… is always closed for any continuous energy (EϽ0) and angular momentum L, i.e., an ellipse, of which the length of the semimajor axis is (mϭkϭ1) aϭ1/(2͉E͉), and the eccentricity is e ϭͱ1Ϫ2͉E͉L 2 . The period of motion is Tϭ1/ ϭ͉E͉ Ϫ3/2 /ͱ2ϭ2a 3/2 ͑Kepler's law͒. The closeness of the orbits is guaranteed by the existence of an additional conserved quantity-the Runge-Lenz vector RϭpϫLϪr/r ͓6͔. In fact, the direction of R is just that of the major axis of the elliptic orbit, and the magnitude of R is the eccentricity (͉R͉ϭe). It is seen that R•Lϭ0 and R 2 ϭ2HL 2 ϩ1, so the number of independent conserved quantities is 5, and the hydrogen atom is a completely degenerate system. The existence of the Runge-Lenz vector implies that the Coulomb potential has a higher dynamical symmetry SO 4 than its geometric symmetry SO 3 ͓7͔. A similar situation exists for an isotropic harmonic oscillator.
In quantum mechanics, for bound states, both the angular momentum and energy are discrete. It is interesting to note that the Coulomb potential and isotropic harmonic oscillator are the only central potentials for which a radial Schrödinger equation can be factorized to yield both energy and angular momentum raising and lowering operators connecting neighboring simultaneous eigenstates of energy and angular momentum ͓8-11͔. It was shown that there exists an intimate relation between the raising and lowering operators in quantum mechanics, on the one hand, and the conserved quantities responsible for the closeness of classical orbits on the other hand, and that both are physically connected with the dynamical symmetry of the system considered ͓12,13͔.
A careful examination of the arguments to derive Bertrand's theorem shows that the form of the central potential is assumed to be a power-law function of r ͓2͔. We believe that Bertrand's theorem does hold for a power-law central potential. However, if the restriction of a power-law form of the central potential is relaxed, Bertrand's theorem may be extended. It was shown that there exists an infinite number of closed orbits ͑rather than elliptic orbits͒ for a particle with suitable discrete angular momenta in the screened Coulomb potential and isotropic harmonic oscillator ͓13,14͔. In this case, it was found that only the energy ͑but not angular momentum͒ raising and lowering operators can be constructed from a factorization of the radial Schrödinger equation. General consideration shows that when the Coulomb potential or isotropic harmonic oscillator is screened, the dynamical symmetry ͓SO(Nϩ1) for N-dimensional (ND) hydrogen atom bound states or SU͑N͒ for an ND isotropic harmonic oscillator͔ is broken, as a result the closeness of classical orbits is lost in general. The revival of closeness of some classical orbits may be an indication of the recurrence of the dynamical symmetry. In this paper, the dynamical symmetry of the screened Coulomb potential and isotropic harmonic oscillator will be investigated.
In quantum mechanics, the Schrödinger equation for the Coulomb potential and isotropic harmonic oscillator in arbitrary dimensions can be solved exactly. In classical mechanics, the orbits of a particle in a central potential, due to the conservation of angular momentum L, always lie in a 2D plane perpendicular to L. For clarity and simplicity, to ex-pose the breaking and recurrence of the dynamical symmetry, we first discuss the 2D case; the extension to the 3D case is addressed later.
For the screened 2D Coulomb potential (mϭkϭ1),
the orbit equation may be expressed as
where EϽ0 and L z are the energy and angular momentum, and ϭͱ1Ϫ2/L z 2 Ͻ1. In general, the orbit is not closed. However, for rational values of , i.e., for suitable angular momenta L z ϭͱ2/(1Ϫ 2 ), there still exists an infinite number of closed orbits ͑rather than elliptic orbits͒, whose geometry depends only on the angular momentum, but is irrespective of the energy E. Three simplest examples ( ϭ 
The closeness of a planar orbit implies that the radial frequency and angular frequency are commensurate, and it is seen that / ϭ. ͑4͒
For the screened 2D Coulomb potential (LϭL z k), the usual Runge-Lenz vector RϭpϫLϪe no longer remains conserved. What is the additional conserved quantity responsible for the closeness of the orbits? It is found that the extended Runge-Lenz vector
is still conserved at the aphelion (perihelion) points ( ϭ0), i.e.,
dRЈ/dtϭ0. ͑6͒
From this one can understand why there exists an infinite number of closed orbits with angular momenta L z ϭͱ2/(1Ϫ 2 ) ( being a rational number͒. For a pure Coulomb potential (ϭ0), RЈ is reduced to the usual Runge-Lenz vector R, which remains constant at all points along the closed orbit. The quantum analog of Eq. ͑6͒ is ͓RЈ,H͔ϭ0, which holds at the aphelion ͑perihelion͒ points. Moreover, it can be shown that (បϭ1)
where Hϭ p 2 /2Ϫ1/Ϫ/ 2 and RЈϭ(pϫLϪip)Ϫ(1 ϩ2/)e ͓the quantum version of RЈ in Eq. ͑5͔͒. Equation
Hilbert space spanned by degenerate states belonging to a given energy eigenvalue E n ϭϪ1/(2n 2 )(nϭ1/2,3/2, 5/2, . . . ). Because, in addition to ͓L z ,H͔ϭ0, ͓RЈ,H͔ϭ0 holds at the aphelion ͑perihelion͒ points, it is seen that, in general, through the dynamical symmetry SO 3 of a 2D hydrogen atom is broken, the SO 3 symmetry may be restored at the aphelion ͑perihelion͒ points of the classical orbits.
The extension to the 3D case is straightforward, but the situation is more complicated. Due to angular momentum conservation, the classical orbits still remain in a plane perpendicular to the angular momentum L, and the orbit equation is the same as Eq. ͑2͒, which is nonclosed in general. Similarly, for rational values of ϭͱ1Ϫ2/L 2 , i.e., for suitable angular momenta Lϭͱ2/(1Ϫ 2 ), there still exists an infinite number of closed orbits, and it can be shown that the extended Runge-Lenz vector RЈϭpϫLϪ(1ϩ2/r)r/r is conserved at the aphelion ͑perihelion͒ points of classical or-FIG. 1. Closed orbits of a particle in the screened 2D Coulomb potential of Eq. ͑1͒, with ϭ0.2 and EϭϪ0.5. ͑a͒ ϭ1/2, ͑b͒ ϭ1/3, and ͑c͒ ϭ2/3. bits (ṙ ϭ0). The corresponding quantum version is RЈ ϭ(pϫLϪip)Ϫ(1ϩ2/r)r/r, and it can be shown that (mϭបϭ1)
i.e., L and RЈ still constitute an SO 4 algebra in Hilbert space spanned by degenerate states belonging to a given energy eigenvalue EϽ0. For ϭ0, RЈ is reduced to the usual Runge-Lenz vector R. It is interesting to note that, unlike R, RЈ is conserved only at the aphelion ͑perihelion͒ points of classical orbits. Now we address the factorization of the radial Schrö-dinger equation for the screened 2D Coulomb potential. The energy eigenstate may be chosen as the simultaneous eigenstate of (H,L z ), ϳR nm Ј ()e im ϳ n,m Ј ()e im /, and n,m Ј () satisfies
W͑ ͒ϭϪ1/, which can be recast in the forms
where E n ϭϪ1/(2n 2 ), nϭn ϩ͉mЈ͉ϩ1/2, and n ϭ0,1,2, . . . . Because ⌬mЈϭϮ1 does not imply ⌬m ϭϮ1, one cannot constitute the angular momentum raising and lowering operators. However, for a given value of mЈ(m), from the factorization of Eq. ͑10͒, one may obtain the energy raising and lowering operators, as
The factorization of the radial Schrödinger equation for the 3D case is similar. Now we discuss the screened 2D isotropic harmonic oscillator (mϭkϭ1)
The orbit equation can be expressed as
where ϭͱ1Ϫ2/L z 2 Ͻ1. Similarly, for rational values of , i.e., for suitable angular momenta L z ϭͱ2/(1Ϫ 2 ), the orbits are closed ͑rather than elliptic orbits͒. The three simplest examples (ϭ For a pure 2D isotropic harmonic oscillator (ϭ0), the orbits are always closed ͑i.e. elliptic orbits͒, which are guaranteed by the existence of conserved quantities L z , Q xy ϭxy ϩ p x p y and Q 1 ϭ1/2͓(x 2 Ϫy 2 )ϩ(p x 2 Ϫ p y 2 )͔ ͓15͔. In fact, the direction of the major axis and the eccentricity of the ellip -FIG. 2 . Closed orbits of a particle in the screened 2D isotropic harmonic oscillator of Eq. ͑12͒, with ϭ0.2 and Eϭ5. ͑a͒ ϭ1/2, ͑b͒ ϭ1/3, and ͑c͒ ϭ2/3. 
It can be shown that at the aphelion ͑perihelion͒ points of classical orbits (ṙ ϭ0), the extended quadrupole tensor is conserved (dQ xy
and dQ 1 Ј/dt ϭdQ 0 Ј/dtϭ0). From this it can be seen that for the screened 3D isotropic harmonic oscillator in quantum mechanics the SU 3 symmetry no longer holds. Let us go one step further to investigate the dynamical symmetry of the screened 3D isotropic harmonic oscillator by considering the eigenvalue problem of the tenser, Q i j
, we obtain an eigenvector L with an eigenvalue 0. Moreover, the real symmetrical matrix Q i j Ј has three orthogonal eigenvectors, so we can rotate the coordinates (x,y,z) into new coordinates (,,) ͑called eigencoordinates͒. The coordinate axis is parallel to L, and the Ϫ coordinate axes lie in the orbital plane. In the eigencoordinates, we have
Thus L , Q Ј , and Q 1 Ј constitute an SU 2 algebra, i.e., the screened 3D isotropic harmonic oscillator has an SU 2 symmetry at the aphelion ͑perihelion͒ points of classical orbits in the eigencoordinate system.
The factorization of the radial Schrödinger equations ͑9͒ and ͑10͒ for a screened 2D isotropic harmonic oscillator ͓W()ϭ 1 2 2 ͔, E n ϭnϩ1, nϭ2n ϩ͉mЈ͉, n ϭ0,1,2, . . . , is, similar to Eq. ͑11͒,
where the raising and lowering operators for energy ͑but not for angular momentum͒ are constructed. The factorization of the radial Schrödinger equation for the 3D case is similar. In summary, we have shown that, for the screened Coulomb potential and isotropic harmonic oscillator, there exists an infinite number of closed orbits for suitable angular momentum values. At the aphelion ͑perihelion͒ points of classical orbits, an extended Runge-Lenz vector for the screened Coulomb potential and an extended quadrupole tensor for the screened isotropic harmonic oscillator are still conserved. For the screened 2D Coulomb potential and isotropic harmonic oscillator, the dynamical symmetries SO 3 and SU͑2͒ are still preserved at the aphelion ͑perihelion͒ points of classical orbits, respectively. For the screened 3D Coulomb potential, the dynamical symmetry SO 4 is also preserved at the aphelion ͑perihelion͒ points of classical orbits. But for the screened 3D isotropic harmonic oscillator, the dynamical symmetry SU͑2͒ is only preserved at the aphelion ͑perihe-lion͒ points of classical orbits in the eigencoordinate system. For the screened Coulomb potential and isotropic harmonic oscillator, only the energy ͑but not angular momentum͒ raising and lowering operators can be constructed from a factorization of the radial Schrödinger equation.
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